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ABSTRACT- According to Fermat's little theorem, for
any p is a prime integer and gcd(x,p) =1, then the
congruence xP~! = 1(mod n)is true, if we remove the
restriction that gcd(x,p) =1, we may declarex?™! =
x(mod p). For every integer X. Euler extended Fermat's
Theorem as follows: if gcd(x,p) = 1,then,where x®™ =
1(mod n).¢ is Euler's phi-function.

Euler's theorem cannot be implemented for any every
integers X in the same manners as Fermat’s theorem works;
that is, the congruence x®™+*1 = x(mod n) is not always
true. In this paper, we discussed the validation of
congruence x?™*1 = x(mod n).

KEYWORDS- Chinese Remainder theorem, Euler’s
Function, Fermat’s little theorem, Primitive Roots

I. INTRODUCTION

For any p is a prime number the Fermat's little theorem state
that, then gcd(x,p) = 1 andx?~! = x(mod p). We may
sayx? = x(mod p). For any integer x if the
constraintged(x, p) = 1 is lifted. This last congruence will
be referred to as a generalization form of Fermat's little
theorem.

Euler generalized Fermat's theorem as follows.
If gcd(x,p) = 1,x*™1(mod p), where ¢ is Euler's phi
function[2]. Obviously, like Fermat's theorem, Euler's result
cannot be extended to all integers x. In other words,
congruence x?™*1 = x(mod n) is not always valid. For
example, if n = 10, then congruence holds for all values of
X, butifn=12, x=2, 6, and 10 fail.

In this paper, we explore the following question: for what
values of x is the congruence x®™*1 = x(mod n)valid,
given any natural integer n with n>1.When n is a prime
number, this congruence is an extension of Fermat's Little
Theorem and holds true for all x.

The authors believe that the results would be ideal issues to
present in an introductory number theory course because
they require just simple methods to show. This paper's
terminology may be found in ([1]).

Il. THE GENERALIZATION
CASE 1 :(nis prime)

THEOREM- Let P is a prime number, then show that
when the congruence x®™+*1 = x(mod p) is valid, when n
is prime.

PROOF
If nis prime then
p(n)=n-1
Euler’s generalization form it becomes
x®™ = 1(mod n)

From Fermat’s little theorem, we know that

x"1 =1(modp) [Whennisaprime],[gcd(x,n
= 1]
Here we have,

ny . n\ -
(x; +x)™(x) = [x{‘ + (1) a0 lx, + (2) x x4

+ () x| (o
= [xf' + xJ terms divisible (by n)](x)
=[O + %)™ = (2] + x7)] (%)
= ((x) terms divisible by n)
= (x1 +x)"(x) = (x1 + x3) (x) (mod n)
= (x +x, + -+ x)" (%)
= (O +x7 4 -+ x7)(x)(mod n)
Putting x; = x, = x, =1
= (X)"(x) = x.x (mod n)
= x""1(x) = x (mod n)
= x®M+1 = x(mod n)

A. Example

Apply Euler's Theorem to Solve the following
Problem

a) for any integer x, x** = x(mod 2370)
b) for any integer x, x37 = x(mod 1729)
Ans.

a) Euler’s theorem show that forged(x, n) = 1 has x®™ =
1(mod n),which is also relevant in this instance
Fermat's little  theorem  xP~! = 1(mod n).the
exceptional case when n=p is prime
Let n=2730=2.3.5.7.13. Then, according to Fermat's
little theorem,
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x =1 (mod 2)
x? =1 (mod 3)
x* =1 (mod 5)
x® =1 (mod 7)
x12 =1 (mod 13)

For x, the moduli are relatively prime. Any power on the
left side will be congruent to 1 once more, and so on.
x1%2 =1 (mod 2)

x'%2 = 1 (mod 3)
x'?2 =1 (mod 5)
x'%2 =1 (mod 7)

x12 =1 (mod 13)

Again, for x the moduli are relatively prime. Multiply each
of these by x to get x3 = x for all moduli and all integer x
and all integer x. according to the Chinese remainder
theorem

x13 = x (mod 2.3.5.7.13)
For every integer x.

b) Let n=1729=7.13.19

Then, according to Fermat's little theorem,
x®=1(mod7)
x12 =1 (mod 13)
x1® =1 (mod 19)

For x, the moduli are relatively prime. Any power on the

left side will be congruent to 1 once more, and so on.
x3¢ =1 (mod7)
x3%® =1 (mod 13)
x3%® =1 (mod 19)

Multiply each of these by x to get x37 = x for all moduli
and all integer x and all integer x. according to the Chinese
remainder theorem

x37 = x(mod 7.13.19)
For every integer x.

CASE 2: (nis not prime)

THEOREM. Assume that n is a positive natural number
having prime factorization withn = []i_, p}ifor 1 < i < k.
If x is an integer, then x?™*1 £ x(mod n)there exists at
least one ofi, for which pf"lx and plfs"+1 Xx with 0 <

8 <vi

PROOF Assume that for

each i,pf"lx and pf"ﬂ Xx haveeithers; = 0 or §; > a;.
We may suppose that for anys; > y;for1 <i < yand §; =
0fora+ 1 <i < ksince x = 0(mod p;*)forl <i < a, we
havegot

x®MW*t = x(mod p*) Q)
Forl<i<a. We haveged(x,p/’)=1fora+1<i<
k, which implies gcd(x™, p}*) = 1 for all natural integer m.
By Euler's Theorem we also knowqb(piyi)|qb(n) fori<i<
kso we have

by \ D@D
XMW+ — )y — (x‘P(P}/l)) x=1.x
= x(mod p]")  (ii)

From the identity (i) and (ii), we have the following
congruence system:

x?MW+1 = x(mod pl*)

x®MW*1 = x(mod p)?)

x?MW* = x(mod p}*)
According to the Chinese Remainder Theorem,
Now we can conclude that x®™*1 = x(mod n).
To proceed it, we assume that for
i pisi|x and pi“;iJr1 Xx with0 < §; < y;.Thenwe
obtainp]* Xx and p;|x ; indicating that for m > 1,

x™—x =x(x™*—1) % 0(mod p]*)

Now we have that for anym > 1,x™ # x(mod n)ln
particular, we have x?™*1 = x(mod n).
This finding directly results inthe 2 corollaries
below.
COROLLARY 1.Assume n is a natural number and let x is
an integer. If x?™*1 = x(mod n), thenx™ % x(mod n)
for everym > 1.

COROLLARY 2 Assume n is a natural number. If and
only if n is that the product of distinct primes
then x?™W*1 = x(mod p)*) for any integer x.

listed

B. Example

Apply Euler's Theorem to Solve the Following
Problem
e for any odd integer x, x33 = x(mod 4080)

Ans.

Euler’s theorem show that forged(x,n) = lhas x®™ =
1(mod n),which is also relevant in this instance Fermat's
little theorem xP~1 = 1(mod n ).the exceptional case when
n is not prime.
Let n=1729=3.5.16.17
Then, according to Fermat's little theorem

x? =1 (mod 3)

x* =1 (mod 5)

x® =1 (mod 16)

x'¢ =1 (mod 17)
For x, the moduli are relatively prime. Any power on the
left side will be congruent to 1 once more, and so on.

x%? =1 (mod 3)

x3?2 =1 (mod 5)

x3?2 =1 (mod 16)

x32 =1 (mod 17)
Again, for x the moduli are relatively prime. Multiply each
of these by x to get

x3% = x (mod 3)

x3% = x (mod 5)

x3% = x (mod 16)

x3% = x (mod 17)
The first, second, and fourth congruence hold for all integer
x. multiplying by x also makes the congruence hold for all
integers x.The third holds for all integers relatively prime to
16 that is all odd integers. According to the Chinese
remainder theorem
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x3% = x (mod 3.5.16.17)
For every integer x.

I11. CONCLUSION

Euler’s generalized Fermat's little theorem is a fundamental
theorem in elementary number theory that assist in the
calculation of powers of integers modulo prime numbers. It
is a specific instance of Euler's theorem and is useful in
elementary number theory applications such as primality
checking and public-key cryptography.
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